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Abstract
We construct Kaluza–Klein-type models with a de Sitter or Minkowski bundle in
the de Sitter or Poincare´ gauge theory of gravity, respectively. A manifestly gauge-
invariant formalism has been given. The gravitational dynamics is constructed by
the geometry of the de Sitter or Minkowski bundle and a global section which plays
an important role in the gauge-invariant formalism. Unlike the old Kaluza–Klein-
type models of gauge theory of gravity, a suitable cosmological term can be obtained
in the Lagrangian of our models and the models in the spin-current-free and torsion-
free limit will come back to general relativity with a corresponding cosmological
term. We also generalize the results to the case with a variable cosmological term.
PACS numbers: 04.50.Kd, 04.50.Cd, 02.40.-k
1 Introduction
The first Kaluza–Klein-type model of the gauge theory of gravity is presented by Mansouri
and Chang [1], which is similar to the Kaluza–Klein-type unifications of non-Abelian
gauge theories with gravitation (for example, see Ref. [2]). A Kaluza–Klein-type model
of gauge theory of gravity is a gravitational model with the Lagrangian constructed from
the scalar curvature of a fiber bundle, in which the structure group is the gauge group
for gravity and the Ehresmann connection is related to the geometry of the spacetime as
the base manifold. In the model of Ref. [1], the fiber bundle is the principal bundle with
both the structure group and fiber being the Lorentz or Poincare´ group, and is assumed
to be torsion free. The parallel transport of vector fields in the spacetime is used to
uniquely relate the gauge potential in the fiber bundle to the connection of the spacetime.
The scalar curvature of the bundle is equal to the sum of the scalar curvature of the
spacetime, a Yang–Mills Lagrangian and the scalar curvature of the group space. The
action of the model is the integration of the Lagrangian over the bundle. The model has
been generalized to the torsional case [3], with the help of Guo’s definition of the torsion
field of fiber bundle in terms of the torsion field of the spacetime [4].
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In these models, however, even if the gauge group is chosen to be the Poincare´ group,
a cosmological term still appears from the scalar curvature of the group space. It will
prevent the Minkowski space from being a vacuum solution, or the cosmological term
should be canceled out by hand. How to deal with this problem consistently? Guo and
Chang [3] have proposed the idea of using the associated Minkowski bundle to solve the
problem. In this case, the cosmological term is replaced by the scalar curvature of the
Minkowski space, which is equal to zero.
In the gauge theories of gravity, the gauge group is usually chosen to be the Poincare´,
de Sitter (dS) or anti-de Sitter (AdS) group. There are several methods to get the gauge-
invariant expressions of the metric and torsion fields. For dS and AdS gauge theory of
gravity established on an umbilical manifold [5–7], Guo [8] writes down a dS/AdS-invariant
metric field by making use of the normal vector field of the manifold. An AdS-invariant
metric field is also given in another geometric framework [9], in which a global section of
the AdS bundle is used. Locally, the global section of the AdS bundle corresponds to a
5-vector-valued, non-dynamical scalar field. The scalar field has further been generalized
to the dynamical case [9], which is equivalent to using the AdS bundle where the radius
of the AdS fiber is variable. Following Ref. [9], a Poincare´-invariant metric field has been
implicitly used in Ref. [10]. The explicit expressions for the Poincare´-invariant metric
and torsion fields can be found in Ref. [11]. But, to our knowledge, a gauge-invariant
expression of the torsion field for the case with the dynamical scalar field is still absent
in the literatures.
The gauge-invariant expressions of metric and torsion fields give a relation between
the Ehresmann connection of the bundle and the geometry of the spacetime. The formal-
ism with such gauge-invariant expressions will be called the manifestly gauge-invariant
formalism. In this formalism, the configuration variables are the Ehresmann connection
of the principal bundle and a global section of the associated bundle. The Ehresmann
connection is different from the nonlinear connection used in the nonlinear realization [12].
Generally, the nonlinear connection is related to the Ehresmann connection in a nonlinear
way. When the Ehresmann connection performs a Poincare´, dS or AdS transformation,
the nonlinear connection only performs a Lorentz transformation.
One of the purposes of the present paper is to construct new Kaluza–Klein-type models
with a dS or Minkowski bundle in the dS or Poincare´ gauge theory of gravity, respectively.
We will define both the metric and torsion fields on the dS or Minkowski bundle and
calculate the corresponding Riemann–Cartan scalar curvatures. In the torsion-free case,
the Riemann–Cartan scalar curvatures reduce to the Riemann scalar curvatures in Ref.
[13], where the scalar curvatures of fiber bundles with generic homogenous fibers in the
framework of Kaluza–Klein theory have been systematically computed, but the torsional
case and the relation between the gauge potential and the geometry of the spacetime are
not taken into account. The Lagrangian is constructed in such a way that a suitable
cosmological term can be obtained in the model so that the dS or Minkowski fiber is
one of the vacuum solutions of the corresponding theory. Concretely, in the dS case,
the gravitational Lagrangian consists of two parts: one is the pull back of the scalar
curvature of the dS bundle by a global section and the other is the Lagrangian for that
global section itself. The coupling constant between the two parts is proportional to the
cosmological constant. In the Poincare´ case, the gravitational Lagrangian is simply chosen
to be the pull back of the scalar curvature of the Minkowski bundle by a global section.
The global section is just the one used in the gauge-invariant expressions for the metric
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and torsion fields. The gravitational action is the integration of the Lagrangian over some
spacetime region rather than the bundle as in Ref. [1]. It will be shown that the scalar
curvature of the fiber bundle is a sum of the scalar curvature of the spacetime, the scalar
curvature of the dS or Minkowski fiber, and a Yang–Mills-like term. The pullback of the
Yang–Mills-like term is merely a quadratic torsion term. These models will come back to
general relativity (GR) with or without a cosmological term in the spin-current-free and
torsion-free case.
The second purpose of the present paper is to generalize the above results to the case
with a variable cosmological term. The gauge-invariant expressions for both metric and
torsion fields will be given. For this case the global section used in the gauge-invariant
expressions becomes dynamic and the introduction of its Lagrangian would become more
natural. The variable cosmological term may be of significance as many variable cosmo-
logical constant models could solve the coincidence problem of the cosmological constant
(for example, see Ref. [14]).
The paper is organized as follows. In section 2 we introduce a manifestly gauge-
invariant formalism for the dS and Poincare´ gauge theories of gravity. In section 3 we
construct concrete Kaluza–Klein-type models with a dS or Minkowski bundle in the dS
or Poincare´ gauge theory of gravity, respectively. A suitable cosmological term will be
obtained in these models. The results of sections 2 and 3 are generalized to the case with
a variable cosmological term in section 4. Finally, we end with some remarks in the last
section.
2 de Sitter and Poincare´ gauge theories of gravity
We will first introduce the geometric framework for the dS gauge theory of gravity and
then turn to the Poincare´ case. In the latter part of the section, we will briefly discuss
two specific models of gauge theory of gravity.
2.1 de Sitter gauge theory of gravity
To introduce dS bundle, let P be a principal fiber bundle with the dS group SO(1, 4) as
its structure group and with the spacetime manifold M as the base space. As SO(1, 4)
may be realized at a 5-dimensional (5d) Minkowski space with a fixed origin, we may set
up a 5d Minkowski bundle QM5 with a zero section and associate them with P. A local
section σ of P presents a local trivialization of P, which induces a local trivialization on
the associated bundle QM5. The local coordinates in the corresponding region of M and
Minkowski coordinates in the typical fiber define the local coordinates on QM5: {x
µ, ξA}
(µ = 0 ∼ 3, A = 0 ∼ 4). The following condition is gauge invariant and can be used to
define a dS bundle QdS:
ηABξ
AξB = l2, (1)
where l is a constant with the dimension of length and the signature is chosen so that
ηAB = diag(−1, 1, 1, 1, 1). The vertical coordinate basis vector fields ∂A = ∂/∂ξ
A of QM5
define by projection the vector fields which are tangent to the dS bundle QdS,
∂˜A = ∂A − l
−2ξAξ
B∂B. (2)
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The horizontal basis vector field of the dS bundle can be chosen as follows [13]:
Eµ = ∂µ − Ω
A
Bµξ
B∂˜A, (3)
where ∂µ = ∂/∂x
µ and ΩABµ is the Ehresmann connection of the principal bundle in the
local section σ (cf. Appendix).
Suppose that ηM(t) is a curve on M with ηM(0) = x0 ∈ M. Its tangent vector
field is designated by vµ(t)∂µ. Denote the tangent vector at x0 by v0. Let η(t) be the
horizontal lift of ηM(t), passing through the point p0 ∈ QdS which lies in the fiber over
x0. {x
µ(η(t)), ξA(η(t))} are the coordinates of η(t) in the bundle. The tangent vector
field of η(t) is required to be vµ(t)Eµ. It can be realized by the following definition of the
horizontal lift
dxµ(η(t))
dt
= vµ(t),
dξA(η(t))
dt
= −vµ(t)ΩABµ(ηM(t))ξ
B(η(t)). (4)
Then the gauge-covariant derivative of a cross section locally represented by ξA(x) (x ∈
M) at x0 with respect to v0 can be defined by
Dv0ξ
A(x0) = lim
t→0
ξA(ηM(t))− ξ
A(η(t))
t
, (5)
where ξA(ηM(t)) is the value of the cross section at ηM(t). It can be observed that
Dv0ξ
A(x0) = [∂µξ
A(x0) + Ω
A
Bµ(x0)ξ
B(x0)](v0)
µ. (6)
Remarkably, Eq. (6) is easy to be generalized to the gauge-covariant derivative of a cross
section with respect to any vector field v on M:
Dvξ
A(x) = [∂µξ
A(x) + ΩABµ(x)ξ
B(x)]vµ. (7)
This derivative will be used in the gauge-invariant expressions of the metric and torsion
fields of the spacetime later.
Now we will show how to tie the bundle structure and the spacetime structure together.
Let PH be the right-handed orthonormal frame bundle of a Riemann–Cartan spacetime
manifoldM, where H = SO(1, 3) stands for the Lorentz group. Identify H to a subgroup
of G = SO(1, 4). As H act on G by the group multiplication, we may set up an associated
bundle P of PH with G as the typical fiber. Actually, P turns out to be a principal bundle
with G as the structure group [15]. Any element of P can be expressed by
p = pH · g = {(pHh
−1, hg)| h ∈ H}, (8)
where pH ∈ PH and g ∈ G. Suppose that M could be covered by finite charts of
right-handed orthonormal frame fields. They corresponds to finite charts of local sections
{σHi(x)} of PH and therefore finite charts of local sections {σi(x) = σHi(x) · I} of P,
where i denotes the ith local section and I stands for the identity element of G. Let
ξ˚ = (0, 0, 0, 0, l)T , then {σi(x) · ξ˚} forms a global section φ of the dS bundle QdS, where
σi(x) · ξ˚ = {(σi(x)g
−1, gξ˚)|g ∈ G} (9)
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is a local section of QM5 as well as QdS. In the local section σi(x), the connection 1-form
of the principal bundle P can be defined as follows:
ΩABa =
(
Γαβa l
−1eαa
−l−1eβa 0
)
, (10)
where a is an abstract index [16], α, β = 0 ∼ 3, {eαa} is the dual frame field of the
orthonormal frame field {eα
a}, which corresponds to the local section σHi(x), and Γ
α
βa is
the metric-compatible connection 1-form ofM in {eα
a}. The dual frame fields eαa and the
connection 1-forms ΩABa, Γ
α
βa may also be denoted by e
α and ΩAB, Γ
α
β , respectively.
The curvature 2-form of ΩABa, denoted by F
A
Bab or F
A
B, is
FABab = (dΩ
A
B)ab + Ω
A
Ca ∧ Ω
C
Bb. (11)
(dΩAB is a 2-form and thus may be denoted as (dΩ
A
B)ab in terms of abstract indices.) It
can be shown that relation (10) is equivalent to the following manifestly gauge-invariant
form:
gab = ηAB(DaξA)(DbξB), (12)
Scab = FABab(Dcξ
A)ξB. (13)
They are the metric and torsion field ofM, respectively. Eq. (12) has ever been given in
Refs. [8, 9], and the earlier references therein. Here ξA = ξA(x) is the local representation
of the global section φ, Daξ
A is defined by
va(Daξ
A) = Dvξ
A (14)
for any vector field va onM and can be interpreted as the local representation of the gauge-
covariant derivative of φ. The metric-compatible connection 1-form Γαβa corresponds to
a metric-compatible derivative operator ∇a of M such that
Γαβa = e
α
b∇aeβ
b. (15)
Then the torsion and curvature tensors of M are defined as usual:
(∇a∇b −∇b∇a)f = −S
c
ab∇cf, (16)
(∇a∇b −∇b∇a)ωd = −R
c
dab ωc − S
c
ab∇cωd (17)
for any function f and 1-form ωa on M. Let S
α
ab = S
c
abe
α
c, R
α
βab = R
c
dabe
α
ceβ
d, then
Eqs. (16) and (17) are equivalent to
Sαab = (de
α)ab + Γ
α
βa ∧ e
β
b, (18)
Rαβab = (dΓ
α
β)ab + Γ
α
γa ∧ Γ
γ
βb. (19)
In fact, similar to the torsion tensor, the curvature tensor also has the following manifestly
invariant form:
Rcdab − (2/l
2)ga[cgd]b = FABab(DcξA)(DdξB). (20)
Similar to ΩABa, in the local section σi(x), F
A
Bab has the following expression:
FABab =
(
Rαβab − l
−2eαa ∧ eβb l
−1Sαab
−l−1Sβab 0
)
. (21)
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According to Eqs. (12) and (13), the gravitational action SG which is a functional of
gab and Scab could also be viewed as a functional of ΩABa and ξA. It is invariant under
the gauge transformation:
ξA → gABξ
B, ΩABa → g
A
CΩ
C
Da(g
−1)DB + g
A
C∂a(g
−1)CB, (22)
where gAB = g
A
B(x) is the matrix representation of a G-valued local function of M. A
G-valued local function of M is a smooth map from a region of M to the Lie Group G.
For the de Sitter gauge theory of gravity, the group G is SO(1, 4).
By Eq. (1), there exists A ∈ {0, 1, 2, 3, 4}, such that ξA 6= 0 locally. Without loss of
generality, it can be assumed that ξ4 6= 0 locally, then ξ4 can be viewed as a function of
ξα, according to the condition (1). The gravitational equations can be given by
δST/δΩ = 0, (23)
δST/δξ
α + (δST/δξ
4)(∂ξ4/∂ξα) = 0, (24)
where ST is the total action including the gravitational action and the action for matter
fields. Substituting ∂ξ4/∂ξα = −ξα/ξ
4 into Eq. (24), there will be
δST/δξ
A = λξA, (25)
where λ is a local function of spacetime, determined by the detailed information of the
total action.
Actually, Eq. (25) can be deduced from Eq. (23) and the fact that the action ST is
gauge invariant. By Eq. (23),
δST =
∫
(δST/δξ
A)δξA. (26)
We may let
δξA = δ[gAB(x, λ)ξ
B(x)] = (δgAB)ξ
B, (27)
where gAB(x, λ) is a family of SO(1, 4)-valued local functions, and thus δg
A
B(x) ≡
∂
∂λ
|λ=0[g
A
B(x, λ)] is an so(1, 4)-valued local function. Since ST is invariant under the
gauge transformation (22), δST given by Eqs. (26) and (27) should be equal to zero.
Therefore,
(δST/δξ
A)ξB − (δST/δξ
B)ξA = 0, (28)
which results in Eq. (25).
2.2 Poincare´ gauge theory of gravity
Now, we turn to the Poincare´ case. Most of the above formalism is valid and the differences
are as follows. The structure group for the principal bundle P is now the Poincare´ group
ISO(1, 3). The meanings of ΩABa, F
A
Bab, Da, etc. change to those of the corresponding
objects of the principal Poincare´ bundle or associated 4d Minkowski bundle QM4 . As a
definition of the 4d Minkowski bundle QM4 from QM5 , Eq. (1) should be replaced by
ξ4 = l. (29)
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Eq. (2) should be replaced by
∂˜α = ∂α, ∂˜4 = 0. (30)
They are tangent to QM4 . Eq. (10) should be replaced by
ΩABa =
(
Γαβa l
−1eαa
0 0
)
. (31)
The gauge-invariant expression for curvature tensor (20) should be replaced by
Rcdab = FABab(Dcξ
A)(Ddξ
B), (32)
and Eq. (21) replaced by
FABab =
(
Rαβab l
−1Sαab
0 0
)
. (33)
gAB = g
A
B(x) in Eq. (22) is now the matrix representation of an ISO(1, 3)-valued local
function of M.
The gravitational field equations are given by Eq. (23) and
δST/δξ
α = 0. (34)
Similar to the dS case, Eq. (34) can be deduced from Eq. (23) and the gauge-invariant
property of the action ST. By Eqs. (23) and (29),
δST =
∫
(δST/δξ
A)δξA =
∫
(δST/δξ
α)δξα. (35)
We may let δξA = (δgAB)ξ
B, then δST given by the above equation will be equal to
zero, as ST is invariant under the gauge transformation (22). Now g
A
B = g
A
B(x, λ) is a
family of ISO(1, 3)-valued local functions, δgAB is an iso(1, 3)-valued local function and
therefore,
(δST/δξ
α)ξβ − (δST/δξ
β)ξα = 0, (δST/δξ
α)ξ4 = 0, (36)
which result in Eq. (34).
2.3 Example 1: a model of de Sitter gauge theory of gravity
Naively, a gauge theory of gravity with a manifest gauge invariance should have a Yang–
Mills-like action for gravitation
SGYM = −κ
∫
FABab F
B
A
ab, (37)
plus the gauge-invariant action for matter fields, where κ is the dimensionless coupling
constant between matter and gravitational field. For the dS case, Eq. (37) gives [5, 7, 17]
SGYM = κ
∫
[RabcdR
abcd −
4
l2
(R−
6
l2
) +
2
l2
SabcS
abc], (38)
7
where Eq. (21) is used. The field equations of the dS gravity model are
∇cSab
c +
1
2
SacdTb
cd +Gba +
3
l2
gab = −
l2
8κ
Σab +
l2
2
(RcdeaR
cde
b −
1
4
RcdefR
cdefgab)
+ScdaS
cd
b −
1
4
SabcS
abcgab, (39)
∇dRbc
da −
1
2
T adeRbc
de +
1
l2
T abc +
2
l2
S[bc]
a =
1
4κ
τbc
a, (40)
where Σab and τbc
a are the stress–energy tensor and spin current of matter fields, respec-
tively,
Gab = Rab −
1
2
Rgab, T cab = Scab + 2δc[aSdb]d.
In the torsion-free and vacuum case, the field equations reduce to
Gab +
3
l2
gab = l2[CacbdRcd +
R
6
(Rab −
1
4
Rgab)], (41)
∇dR
da
bc = 0 ⇔ ∇bR
a
c = ∇cR
a
b , (42)
where Cabcd is Weyl curvature tensor. It has been shown that all the torsion-free vac-
uum solutions of the dS gravity model are the vacuum solutions of GR with the same
cosmological constant, and vise versa [18, 19].
When the dS gravity model applies to the evolving universe and the matter fields are
composed of spin-current-free, pressureless ideal gas, the model may explain the acceler-
ating expansion of the universe and supply a natural transit from decelerating expansion
to accelerating expansion without the help of dark energy [20, 21]. The torsion together
with curvature makes the universe transit from decelerating expansion to accelerating
expansion. Besides, the attractors in the dS gravity model are analyzed [22, 23].
It is remarkable that the dS gravity model becomes highly non-trivial when the exterior
(vacuum) solutions are required to join some interior solutions [24–26]. For example, the
spin-current-free matter in torsionless interior solutions must be distributed uniformly [24]
because Eq.(42) sets a new constraint. In torsional case, the exterior solutions can join
with the interior solutions with non-uniformly distributed matter field, satisfying Newton’s
law in the weak field approximation, and supply an alternative way to explain the galactic
rotation curves without involving dark matter [25, 26]. But unfortunately, the model
may be inconsistent with the solar-system-scale observations, since the Schwarzschild–
dS solutions, which play an important role in the explanation of the solar-system-scale
observations, could not be smoothly connected to regular internal solutions, in the weak
field approximation [26].
2.4 Example 2: a model of Poincare´ gauge theory of gravity
For the Poincare´ case, Eq. (37) gives the Stephenson–Kilmister–Yang action [27]
SGYM = κ
∫
RabcdR
abcd, (43)
where Eq. (33) has been used. The Einstein term, i.e., the scalar curvature term, is
absent, and the resulting field equations are underdetermined at least in the weak field
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approximation [25]. In addition, it has been shown that there is no physical degree in the
Stephenson–Kilmister–Yang action [28], for the number of constraints is greater than the
number of degrees of freedom in Dirac’s prescription for constrained Hamiltonian systems.
In the following sections, we will construct several other viable models, by utilizing
the configuration variables, i.e., the Ehresmann connection ΩABa and the global section
φ, in the manifestly gauge-invariant formalism.
3 Kaluza–Klein-type models
In this section, we will construct new Kaluza–Klein-type models of dS and Poincare´ gauge
theories of gravity with a fixed parameter l. Again we will discuss the dS case first and
turn to the Poincare´ case later.
3.1 New Kaluza–Klein-type model of dS gauge theory of gravity
In the dS bundle QdS we may locally define the following 1-form fields
θA = dξA + ΩABµξ
Bdxµ, (44)
which satisfy θA(Eµ) = 0. Note that the vector field ∂˜A and the fiber coordinates ξ
A
have their corresponding meanings in the vertical dS spacetime. In the dS spacetime,
there exist local functions E˜α
A(ξ) and EαA(ξ) such that {E˜α
A(ξ)∂˜A} is an orthonormal
frame field with {EαA(ξ)dξ
A} as its dual frame field. In the dS bundle QdS, we may
define E˜α
A(x, ξ) = E˜α
A(ξ), EαA(x, ξ) = E
α
A(ξ) in a special gauge first and then let them
transform by
E˜α
A → gABE˜α
B, EαA → E
α
B(g
−1)BA (45)
under the local gauge transformation (22). Let
Eα = E˜α
A(x, ξ)∂˜A, E
α = EαA(x, ξ)θ
A. (46)
Then {EA} = {Eµ, Eα} (A = µ, 4+α) becomes a local frame field for QdS with {E
A} =
{dxµ, Eα} as its dual fame field. Moreover, we may define new functions on the bundle,
Eα
A and E˜A
α, by
Eα
A = Eα(ξ
A), ∂˜A = E˜A
αEα. (47)
They will be used later.
The metric field for QdS can be defined as follows:
G = gµνdxµ ⊗ dxν + ηABθA ⊗ θB (48)
with its inverse
G−1 = gµνEµ ⊗ Eν + ηAB∂˜A ⊗ ∂˜B, (49)
where gµν is the metric field of the spacetime manifold, with gµν as its inverse. Recall that
there is a global section φ on the dS bundle, defined by {σi(x) · ξ˚} and locally represented
by ξA(x). In fact, by Eqs. (12) and (44), the pullback
φ∗(gµνdxµ ⊗ dxν) = φ∗(ηABθA ⊗ θB) (50)
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is just the metric field of the spacetime.
The connection coefficients and the curvature components with respect to G in {EA}
can be calculated by the following formulas [2]:
Γ
C
AB =
1
2
GCD[EA(GBD)+EB(GAD)−ED(GAB)]−K
C
AB−
1
2
(CCAB+CAB
C+CBA
C), (51)
R
A
BCD = 2E[C(Γ
A
|B|D]) + 2Γ
A
E[CΓ
E
|B|D] − Γ
A
BEC
E
CD, (52)
where K
C
AB is the contorsion tensor related to the torsion tensor S
C
AB by
K
C
AB =
1
2
(S
C
AB + SAB
C + SBA
C) (53)
and the structural coefficients CCAB are defined by
[EA, EB] = C
C
ABEC. (54)
After some calculations, the explicit expressions of CCAB can be attained as follows:
Cσµν = 0, C
α
µν = −F
A
Bµνξ
BE˜A
α, (55)
Cνµα = 0, C
β
µα = [Eµ(E˜α
A) + ΩABµE˜α
B]E˜A
β, (56)
Cµαβ = 0 (57)
and Cγαβ is the same as the structural coefficients of the orthonormal frame field {E˜
A
α (ξ)∂˜A}
in the dS spacetime. Components of the bundle metric field in {EA} are as follows:
Gµν = gµν , Gµα = 0, Gαβ = ηαβ . (58)
The bundle torsion can be defined by the following way: the only nonzero components of
S
C
AB are S
σ
µν = S
σ
µν [4]. Then the connection coefficients have the following expressions:
Γ
σ
µν = Γ
σ
µν , Γ
γ
αβ = Γ
γ
αβ, (59)
Γ
α
µν =
1
2
FABµνξ
BE˜A
α, (60)
Γ
µ
να = Γ
µ
αν =
1
2
FABν
µξBEα
A, (61)
Γ
µ
αβ = 0, Γ
β
µα = 0, Γ
β
αµ = −C
β
αµ, (62)
where Γγαβ is the connection coefficient of the dS metric in the orthonormal frame field
{E˜α
A(ξ)∂˜A}. To obtain the above results, some of these formulas are useful:
EαAEβ
A = δαβ , E˜A
αE˜β
A = δαβ, (63)
Eα
AE˜B
α = δAB − ξ
AξB/l
2, (64)
Eα
A = E˜α
B(δAB − ξ
AξB/l
2), (65)
Eα
AξA = 0, ξ
AE˜A
α = 0, (66)
Cβµα = [Eµ(Eα
A) + ΩABµEα
B]ηACEβ
C . (67)
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Moreover, it can be shown that the contracted curvature components are as follows:
R
µν
µν = RM −
3
4
FAB
µνFACµνξ
BξC , (68)
R
αβ
αβ = RF , (69)
R
µα
µα =
1
4
FAB
µνFACµνξ
BξC , (70)
where RM is the scalar curvature of the spacetime, RF is the scalar curvature of the
typical fiber, i.e., the scalar curvature of a dS spacetime. Therefore, the scalar curvature
of the dS bundle is
R = R
µν
µν +R
αβ
αβ + 2R
µα
µα
= RM +RF − (1/4)FAB
µνFACµνξ
BξC . (71)
The gravitational Lagrangian may be chosen as
LG = χ(φ
∗R−
a
l2
Lφ), (72)
where
Lφ =
1
2
(DaξA)D
aξA +
b
l2
ξAξA = 2 + b, (73)
ξA = ξA(x) is the local representation of φ, χ is the gravitational coupling constant, a and
b are two new dimensionless coupling constants and 0 < a < ∞. In order to guarantee
that the dS space is one of the torsion-free vacuum solutions of the model, the following
condition should hold:
a =
18
2 + b
. (74)
By Eqs. (21) and (71),
φ∗R = RM +RF − (1/4)SabcS
abc, (75)
where RF = 4Λ = 12/l
2. Therefore, with condition (74), the Lagrangian (72) is equal to
LG = χ(RM − 2Λ− (1/4)SabcS
abc). (76)
The gravitational action is the following integration:
SG =
∫
U
LG ǫ, (77)
where U is some spacetime region and ǫ is the metric-compatible volume form. This
action is dS gauge invariant under the gauge transformation (22). The field equations
given by Eqs. (76), (77) and (23) are
1
2
∇cSab
c +
1
4
SacdTb
cd +Gba +
3
l2
gab =
1
2χ
Σab +
1
2
ScdaS
cd
b −
1
8
ScdeS
cdegab, (78)
T abc + S[bc]
a = −
1
χ
τbc
a. (79)
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Comparison with the dS gravity model in Sec.2.3, the most important features of the
theory are that the covariant derivative of the curvature does not enter Eq. (79) and that
Eq. (79) is an algebraic equation, having the solution,
Sabc = −
1
2χ
(3τbca − τcab − τabc)−
8
5χ
ga[bτc], (80)
where τa = τac
c. Therefore, for the gravity coupled to the matter without spin current,
Eq. (78) reduces to the Einstein field equation with the same cosmological constant. It
is remarkable that although the Lagrangian (76) falls into a special case of the general
quadratic models of previous literature[29], it is deduced from first principle here.
3.2 New Kaluza–Klein-type models of Poincare´ gauge theory of
gravity
For the Poincare´ case, we do not need the concepts of E˜α
A and E˜A
α. Instead, we may
define
Eα = ∂α, E
α = θα (81)
in a special gauge and then define
Eα
A = Eα(ξ
A), EαA = E
α(∂˜A) (82)
in an arbitrary gauge, where Poincare´ version of ∂˜A is given by Eq. (30). They satisfy
the following properties:
∂˜A = E
α
AEα, ηαβE
α
Aη
AB = Eβ
B, (83)
EαAEβ
A = δαβ , Eα
AEαB =
{
δAB A 6= 4
0 A = 4
. (84)
For the structural coefficients, Cγαβ = 0, the second formula of Eq. (55) should be
replaced by
Cαµν = −F
A
Bµνξ
BEαA, (85)
and the second formula of Eq. (56) should be replaced by
Cβµα = [Eµ(Eα
A) + ΩABµEα
B]EβA. (86)
In the special gauge with respect to Eq. (81), the first term on the right-hand side of
the above equation is equal to zero. For the connection coefficients, Eq. (60) should be
replaced by
Γ
α
µν =
1
2
FABµνξ
BEαA. (87)
The gravitational Lagrangian (72) should be replaced by
LG = χ φ
∗R = χ(RM − (1/4)SabcS
abc). (88)
Apparently, the Largragian and thus the field equations are different from the dS case
(76) only by a cosmological term Λ = 3/l2. Actually, they are Poincare´ gauge invariant
because gab and Sabc defined by Eqs. (12) and (13) with the gauge group G = ISO(1, 3)
are now viewed as the Poincare´ gauge invariants.
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4 Kaluza–Klein-type models with a variable cosmo-
logical term
As was pointed out by Ref. [9], we may view l in Eq. (1) as a positive function of the
spacetime. Then ∂µ in Eq. (3) is no longer tangent to the dS bundle and should be
replaced by
∂ˇµ = ∂µ + (∂µl)(ξ
A/l)∂A, (89)
and thus Eµ should be replaced by
Eˇµ = ∂ˇµ − Ω
A
Bµξ
B ∂˜A, (90)
Accordingly, the second formula of Eq. (4) for the horizontal lift of ηM(t) should be
replaced by
dξA
dt
= vµ(t)[(∂µl)(ξ
A/l)− ΩABµξ
B], (91)
and the gauge-covariant derivative (7) replaced by
Dˇvξ
A(x) = [∂µξ
A(x)− (∂µl)(ξ
A/l) + ΩABµξ
B(x)]vµ. (92)
The metric field is given by Eqs. (92), (12) and (14) with the replacement of D by Dˇ,
which is similar to but slightly different from Eq. (6.6) of Ref. [9] and has a different
explanation. In addition, the gauge-invariant expression for torsion, Eq. (13), should be
replaced by
Scab = FABab(Dˇcξ
A)ξB − 2(gc[a∂b]l)/l, (93)
but the gauge-invariant expression for the curvature tensor is still given by Eq. (20) with
the replacement of D by Dˇ. The curvature 2-form is still defined by Eq. (11), but in the
local section σi(x), F
A
Bab in Eq. (21) should be replaced by
FABab =
(
Rαβab − l
−2eαa ∧ eβb l
−1Sαab + 2l
−2eα[a∂b]l
−l−1Sβab − 2l
−2eβ[a∂b]l 0
)
. (94)
The gravitational equation will be given by Eq. (23) and
δST/δξ
A = 0. (95)
Eq. (44) is now modified to be
θˇA = dξA − (ξA/l)(∂µl)dx
µ + ΩABµξ
Bdxµ, (96)
so that θˇA(Eˇµ) = 0. The new definitions with respect to E˜α
A and EαA are given as follows.
In the dS spacetime with radius l, there exist local functions E˜α
A(ξ, l) and EαA(ξ, l) such
that {E˜α
A(ξ, l)∂˜A} is an orthonormal frame field with {E
α
A(ξ, l)dξ
A} as its dual frame
field. In the dS bundle QˇdS, we may define
ˇ˜
Eα
A(x, ξ) = E˜α
A(ξ, l(x)), EˇαA(x, ξ) = E
α
A(ξ, l(x)) (97)
in a special gauge and then let them transform by Eq. (45) under the gauge transformation
(22). The vertical orthonormal frame and dual frame fields are
Eˇα =
ˇ˜
Eα
A(x, ξ))∂˜A, Eˇ
α = EˇαA(x, ξ)θˇ
A. (98)
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The structural coefficients are now defined by
[EˇA, EˇB] = Cˇ
C
ABEˇC (99)
with EˇA = {Eˇµ, Eˇα}. A straightforward calculation shows that the second formula of Eq.
(56) and Eq. (67) should be replaced by
Cˇβµα = [Eˇµ(
ˇ˜
Eα
A)− (∂µl)(1/l)
ˇ˜
Eα
A + ΩABµ
ˇ˜
Eα
B]
ˇ˜
EA
β (100)
and
Cˇβµα = [Eˇµ(Eˇα
A)− (∂µl)(1/l)Eˇα
A + ΩABµEˇα
B]ηACEˇβ
C , (101)
respectively, with Eˇα
A = Eˇα(ξ
A) and
ˇ˜
EA
α defined by ∂˜A =
ˇ˜
EA
βEˇβ. The connection
coefficients, defined by the formula similar to Eq. (51) with the replacement of the
symbols with ,ˇ take the similar results except Eq. (62) should be replaced by
Γˇαµβ = −Γˇµαβ = (∂µl)(1/l)ηαβ, Γˇαβµ = −Cˇ[αβ]µ. (102)
For the contracted curvature components, Eqs. (69) and (70) should be replaced by
Rˇαβαβ = RF − (12/l
2)(∇al)∇
al (103)
and
Rˇµαµα =
1
4
FAB
µνFACµνξ
BξC − (4/l2)(∇al)∇
al − ∇˚a[(4/l)∇al] + S
ab
a(4/l)∇bl, (104)
where ∇˚a is the torsion-free derivative operator compatible with gab. As a result, the
scalar curvature (71) should be modified to be
Rˇ = RM +RF − (1/4)FAB
µνFACµνξ
BξC
−(20/l2)(∇al)∇
al + (8/l)Saba∇bl − 2∇˚
a[(4/l)∇al]. (105)
The gravitational Lagrangian is chosen to be the same as Eq. (72), with R replaced
by Rˇ, and l replaced by l0, where l0 =const is a fixed value of l-function at some x or a
limit value of l-function on the spacetime manifold. By Eqs. (94) and (105),
φ∗Rˇ = RM +RF − (1/4)SabcS
abc
−(43/2l2)(∇al)∇
al + (9/l)Saba∇bl − 2∇˚
a[(4/l)∇al], (106)
where RF = 4Λ = 12/l
2 and the last term only contributes to a boundary term. In the
case with l = l0, Eq. (106) will come back to Eq. (75). In order to guarantee that the dS
space with radius l0 is one of the torsion-free vacuum solutions of the model in the case
with l = l0 and Λ0 = 3/l0
2, the following conditions should hold:
a
l20
(2 + b) = 6Λ0, ab = −12, (107)
which result in
a = 15, b = −
4
5
, (108)
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Lφ =
1
2
(DaξA)D
aξA −
4
5
l−20 ξ
AξA = 2− (4/5)(l/l0)
2, (109)
LG = χ(φ
∗Rˇ− 5Λ0Lφ)
= χ{RM + 6l
−2[2− 5(l/l0)
2 + 2(l/l0)
4]− (1/4)SabcS
abc
−(43/2l2)(∇al)∇
al + (9/l)Saba∇bl − 2∇˚
a[(4/l)∇al]}. (110)
The field equations for the theory are
1
2
∇cSab
c +
1
4
Sa
cdTbcd +Gba − 3l
−2[2− 5(l/l0)
2 + 2(l/l0)
4]gab
=
1
2χ
Σab +
1
2
(ScdaScdb −
1
4
ScdeScdegab)
+
9
2l
[∇a∇bl − gab∇c∇cl − (∇al)Scbc] +
1
2l2
[34(∇al)(∇bl)−
25
2
gab(∇cl)(∇cl)], (111)
S[bc]
a + T abc = −
1
χ
τbc
a +
9
l
δa[b∇c]l, (112)
43
l
[∇˚a∇
al − l−1(∇al)(∇
al)] + 24l2(l−40 − l
−4) = 9∇˚aS
ba
b. (113)
The last line of Eq. (111) can be regarded as the stress–energy tensor for scalar field l.
Again, Eq. (112) is an algebraic equation and has the solution
Sabc = −
1
2χ
(3τbca − τcab − τabc)−
8
5χ
ga[bτc] −
18
5l
ga[b∇c]l. (114)
It means that the variable l also serves as the source of torsion. Therefore, among the
following three conditions, two are satisfied then the third one must be also satisfied and
the gravity reduces to GR with cosmological constant Λ0:
Sabc = 0, (115)
τbca = 0, (116)
l = l0. (117)
For the Poincare´ case, Eq. (94) should be replaced by
FABab =
(
Rαβab l
−1Sαab + 2l
−2eα[a∂b]l
0 0
)
. (118)
We do not need the concepts of
ˇ˜
Eα
A and
ˇ˜
EA
α. Instead, we may define Eˇα
A and EˇαA
by Eqs. (81) and (82) with the replacement of the symbols with .ˇ Eq. (100) should be
replaced by
Cˇβµα = [Eˇµ(Eˇα
A)− (∂µl)(1/l)Eˇα
A + ΩABµEˇα
B]EˇβA, (119)
and Eq. (110) replaced by
LG = χ φ
∗Rˇ, (120)
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where φ∗Rˇ is given by Eq. (106) with RF = 0. The second field equation is identical to
Eq. (112), and the other two equations are now
1
2
∇cSab
c +
1
4
Sa
cdTbcd +Gba =
1
2χ
Σab +
1
2
(
ScdaScdb −
1
4
SabcS
abcgab
)
+
9
2l
(∇a∇bl − gab∇c∇cl − (∇al)Scbc) +
1
2l2
[34(∇al)∇bl −
25
2
gab(∇cl)(∇cl)], (121)
l∇˚a∇
al − (∇al)(∇
al) =
9l2
43
∇˚aS
ba
b. (122)
The local Poinare´ gauge-invariant model can reduce to GR under the same conditions as
the above local dS gauge-invariant model, with l = l0 replaced by l =const. An important
difference is that the Minkowski space is a vacuum solution of the model in those cases.
5 Remarks
In these new Kaluza–Klein-type models, we use the Riemann–Cartan scalar curvature
of the associated bundle and a global section to construct the gravitational dynamics.
The action is the integration of the Lagrangian over some spacetime region as usual. A
suitable cosmological term can be obtained so that the dS or Minkowski space as the
typical fiber is one of the vacuum solutions of the theory. In the spin-current-free and
torsion-free limit, the models reduce to GR with the same cosmological term. It should be
mentioned that these models are different from the original Kaluza–Klein-type models[1, 3]
of gauge theory of gravity, which use the Riemann or Riemann–Cartan scalar curvature
of a principal bundle to serve as the gravitational Lagrangian and use the integration
of the Lagrangian over the principal bundle to serve as the action. In addition, the old
models can not reduce to GR in the spin-current-free and torsion-free limit and have not
provided a rule to get a suitable cosmological term.
It should be emphasized that both dS and Poincare´ gauge theories of gravity presented
in this paper are manifestly gauge invariant. In the formalism, the configuration variables
are Ehresmann connection ΩABa and vector-valued scalar field ξ
A which are covariant
under the gauge transformations (22). The geometric variables, such as metric gab and
torsion Scab, are expressed as the functions of Ω
A
Ba and ξ
A and are invariant under the
gauge transformations. The actions are the functionals of ΩABa and ξ
A, which are invariant
under the gauge transformations. The manifestly gauge-invariant formalism is motivated
by the principle of localization [7, 30], which states that gravity should be based on the
localization of the full symmetry of the corresponding special relativity (SR) as well as
dynamics. It should be noted that the manifestly gauge-invariant formalism may also be
applied to SR and GR. For example, in Einstein’s SR, the flat metric field can be expressed
in a local Poincare´ gauge-invariant form via Eqs. (7), (12) and (31), while the Ehresmann
connection is constrained by the flat condition FABab = 0, and the vector-valued scalar
field is constrained by the condition ξ4 = const 6= 0. In GR, the metric field can be
expressed in a local Poincare´ gauge-invariant form via the above mentioned equations,
while the Ehresmann connection and the vector-valued scalar field are constrained by
the torsion-free condition FABab(Dcξ
A)ξB = 0 and the condition ξ4 = const 6= 0. In
contrast, in the Poincare´ gauge theory of gravity discussed in section 3 of this paper,
the Ehresmann connection is completely determined by the variation principle, while the
16
vector-valued scalar field is still constrained by the condition ξ4 = const 6= 0. In the gauge
with ξA = (0, 0, 0, 0, l)T , it is easy to see that the actions which are functionals of ΩABa and
ξA, can also be viewed as the functionals of Γαβa and e
α
a, which can be identified with the
nonlinear connection in the nonlinear realization [12]. The formalism with the nonlinear
connection as variable emphasizes on the Lorentz invariance of the theory, which confirms
the remaining symmetry in the gauge with ξA = (0, 0, 0, 0, l)T .
The actions for both dS and Poincare´ gauge theories of gravity can be written as the
functionals of metric and torsion fields. It is remarkable that once the actions in different
gauge theories of gravity are written in these forms, it is difficult to say that they are dS
gauge invariant or Poincare´ gauge invariant or even only Lorentz gauge invariant. The
information of different gauge groups have been hidden in the concrete expressions of
metric and torsion fields in terms of ΩABa and ξ
A. What can be confirmed is that such
actions are diffeomorphism invariant and Lorentz invariant through the tetrad formalism.
One may try to determine the gauge group by observing whether the dS spacetime or
Minkowski spacetime is one of the vacuum solutions of the corresponding theory. It is
interesting to see whether there are any observational effects to distinguish the internal
symmetries.
We have also considered the case where the Ehresmann connection and the vector-
valued scalar field are completely determined by the variation principle. As a result, the
global section becomes dynamic, and a variable cosmological term appears in the Kaluza–
Klein-type Lagrangian. Actually, many variable cosmological constant models may solve
the coincidence problem of the cosmological constant and numerous works have been
done to search for the theoretical foundation of such models [14]. If our models turn out
to be able to consistently explain the observational data of the universe while solving
the coincidence problem, they would serve as elegant explanations for the accelerating
expanding universe.
Although only the dS and Poincare´ cases have been discussed in this paper, it is an
easy thing to modify the results of the dS case to obtain the corresponding results of the
AdS case.
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Appendix. Ehresmann connection
Consider a generic principal fiber bundle P(M, G) and its tangent bundle TP. TP may
be decomposed as
TP = V ⊕H, (123)
where V and H are the smooth vertical and horizontal subbundles, respectively, and ⊕
is a direct sum. The vertical subbundle is defined canonically by the fundamental vector
fields, which are generated by elements in the Lie algebra g of the bundle P(M, G) and
are tangent to Gp at every point p ∈ P. The horizontal subbundle is an Ehresmann
connection in terms of distributions. [31]
If and only if
Hpg = d(Rg)p(Hp), p ∈ P, g ∈ G, (124)
the Ehresmann connection defines a Lie algebra valued 1-form ν ∈ g⊗ Ω1(P):
ν : TpP → Vp ≃ g, p ∈ P (125)
such that H = ker(ν),
ν(ξ) = ξ, ξ ∈ g; (126)
R∗gν = adg−1ν = g
−1νg, g ∈ G, (127)
where Rg denotes right multiplication by g, ξ is the fundamental vector field on P asso-
ciated with ξ by differentiating the G action on P, and adg(X) :=
d
dt
g exp(tX)g−1
∣∣
t=0
is
the adjoint action.
Locally, on a given coordinate patch Ui of M and for a given local sections σi, the
pullback σ∗i and ν may define a local connection Ai ∈ g⊗ Ω
1(Ui) by
Ai ≡ σ
∗
i ν. (128)
It is the local form of the Ehresmann connection ν and may be identified with the gauge
potential up to some Lie algebra factor. Remember that ν is globally defined. In the
intersection Ui
⋂
Uj of two coordinate patches Ui and Uj, the local connection should
transform as
Aj = ΛjiAiΛ
−1
ji + Λjid(Λ
−1
ji ), (129)
where Λij is the transition function from Ui to Uj. (The repeated indices are not summed
up, here.) Similarly, for the local sections σi and σ˜i in two given gauges, where σ˜i =
σi(gi)
−1 with gi ∈ G, the local connections Ai and A˜i for the two sections transform as
A˜i = giAig
−1
i + gidg
−1
i , (130)
where i is not summed up.
Expanding A in terms of Lie algebra generators τa and the dual coordinate bases dx
µ
we have
A = Aaτa = A
a
µτadx
µ, (131)
where the index for the ith coordinate patch has been omitted. When a matrix represen-
tation of the Lie algebra g is used, we have the matrix form of A:
AAB = A
A
Bµdx
µ. (132)
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Then, Eq. (130) can be written as
A˜
A
B = g
A
CA
C
D(g
−1)DB + g
A
Cd(g
−1)CB. (133)
In the notation of Ref. [16], AAB is also written as A
A
Ba.
The connection ΩABµ in Eq. (3) is defined in the same way as A
A
Bµ. We do not use
the notation ΩABµ in this appendix, for the reason that it is similar to that of the 1-form
space Ω1, which appears in the line above Eq. (125).
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